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ABSTRACT 
It is proved that M(5,4) < 28 and M(5,5) < 55. New upper bounds are also 
given for M(6,4), M(6, 5), and M(6, 6). 
1. NOTATION AND DEFINITION 
We consider only finite, undirected graphs without multiple edges or 
loops; we call a graph with n vertices an n-graph, and a set of n vertices 
an n-set. 
The subgraph generated by a set of vertices is the one with that set of 
vertices, together with each edge of the graph which joins a pair of the 
vertices of the set. No confusion will arise by not distinguishing in our 
notation between a set of vertices and the subgraph generated by them. 
Two graphs are isomorphic if there is a one-one mapping of the vertices 
of one onto the vertices of the other so that a pair of vertices are joined 
by an edge if and only if their images are joined. 
The complement of a graph is the graph obtained by removing all 
edges and joining all pairs of vertices not previously joined. A complete 
graph is one in which each pair of edges is joined, and an independent 
set of vertices one in which no pair is joined (i.e., the complement of a 
complete graph). 
The number of edges in the graph G will be denoted by e(G). 
The valency of a vertex is the number of edges incident with it, and we 
call a vertex with valency r an r-vertex. 
For any vertex (Y, we define G,(E) as the subgraph generated by those 
vertices which are joined to 01, and G,(z) as the subgraph generated by 
those vertices which are not joined to 01. Thus if 01 is an r-vertex of an 
n-graph, G,(a) is an r-graph and G,(a) an (n - r - 1)-graph. 
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A (k, I) graph is one which contains neither a complete k-subgraph nor 
an independent l-set. The complement of a (k, I) graph is an (I, k) graph. 
The Ramsey Number M(k, I) is the smallest integer with the property 
that there is no (k, 1) n-graph for n 3 M(k, 2). Obviously M(k, 1) = 
M(Z, k). The existence of M(k, I) for all k, 12 1 is proved by the finite form 
of Ramsey’s Theorem [I]. 
2. PREVIOUS RESULTS AND INTRODUCTION 
Since each (k, 2) graph is complete, M(k, 2) = k. The only other known 
values are M(3, 3) = 6, M(4, 3) = 9, M(5, 3) = 14, M(4, 4) = 18 [2], 
M(6, 3) = 18 [3,4, 51, and M(7, 3) = 23 [6]. The best bounds at present 
known for other values may be found in [6], [7], and [8]. In particular, 
it is known that 25 < M(5,4) < 29, 34 < M(6, 4) < 45, 38 < M(5, 5) < 
57, 51 < M(6, 5) < 96, and 102 < M(6, 6) < 182. (See also [ll], [12], 
and [13].) 
In this paper it is proved that M(5,4) < 28. This immediately implies 
that M(5, 5) < 55. We also indicate how the results M(6,4) < 44, 
M(6,5) < 94, and M(6,6) < 178 may be proved. 
The proof depends on establishing bounds for the numbers of edges in 
(4,4) 15- and lCgraphs, and then applying the method described in [8]. 
We shall use the result that the valency, v, of any vertex of a (k, l) 
n-graph satisfies 
n - M(k, I - 1) < v < M(k - 1,l). (1) 
This is because, for each vertex a, G,(a) is a (k - 1, I) graph and G,(a) 
is a (k, I - 1) graph; (1) implies that 
M(k, 1) < M(k, I - 1) + M(k - 1, I) (2) 
with strict inequality if both terms on the right-hand side are even. This 
was first derived in [9], and rediscovered in [2]. Obvious extensions of (1) 
can be made; the number of vertices of a (k, l) graph which are joined to 
all vertices of a complete p-subgraph is less than M(k - p, I), etc. 
We shall also use the result, first stated in [IO], that the combined total 
of triangles (complete 3-graphs) and independent 3-sets contained in an 
n-graph is 
@(n - l>(n - 2) - 4 i v&r - L’< - 1 ), 
i=l 
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where ni is the valency of the i-th vertex. The subtracted term is the number 
of 3-graphs with one or two edges. 
3. AN UPPER BOUND FOR M(5,4) 
If G’ is an u-subgraph of a (k, I) graph G, it is convenient to define the 
dejiciency of G’ as 
i (M(k - 1, I) - 1 - Pi), 
i=l 
where ci is the valency of the i-th vertex of G’. It is the amount by which 
the total of the valencies of the vertices of G’ falls short of the maximum 
permitted by (1) and it will be written as d(G’), k and 1 being understood. 
For disjoint subgraphs G’ and G”, d(G’ n G”) = d(G’) + d(G”). We shall, 
in fact, only use this notation when k = 1 = 4, in which case 
d(G’) = f; (8 - vi). 
i=l 
THEOREM 1. For every (4,4) I5-graph G, 49 < e(G) < 56. 
Proof: We assume that there exists a (4,4) 15-graph G, with e(G) > 56. 
Since M(3,4) = M(4, 3) = 9, the vertices of G can only have 
valencies 8, 7 and 6; there is at least one 8-vertex, for otherwise e(G) < 
[$ x 7 x 151 = 52. 
Let A be an g-vertex. We can count in two ways the edges of G which 
join a vertex of G,(A) to a vertex of G,(A), obtaining 
56 - 2e(G,(A)) - d(G,(A)) = 48 - 2e(G,(A)) - d(G,(A)). (4) 
G,(A) is a (3,4) Sgraph, and it can be shown [4] that 10 < e(G,(A)) < 12. 
Now 56 < e(G) = 60 - id(G) = 60 - &(d(G,(A)) + d(G,(A))), and so 
G,(A) is a (4, 3) 6-graph; there are fifteen distinct (4, 3) 6-graphs, and 
G,(A) is isomorphic to one of them. We can obtain a lower bound for 
d(GJA)) from the following two lemmas: 
LEMMA 1. The total number qf edges joining the end vertices of any 
edge of G,(A) to vertices of G,(A) is at most eleven. 
The end vertices can be both joined to at most three vertices,(M(2,4) = 4), 
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and the number of vertices of G,(A) which are joined to at least one 
of them cannot exceed eight. 
LEMMA 2. The total number of edges which join the vertices of any 
triangle of G,(A) to vertices of G,(A) is at most fourteen, and this can be 
reduced by one for each edge of the triangle which is in another triangle 
of G(4 
Again, each pair can be both joined to at most three vertices, some of 
which are in G,(A). 
Using Lemmas 1 and 2, we can show easily that for each of the fifteen 
possible isomorphs of G,(A), 
e(G2W) + d(G,(A)) Z 11, 
and that unless G,(A) is isomorphic to one of the four graphs of Figure 1, 
e(G,(A)) + 4GW) 2 12. 
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FIGURE 1 
We conclude that e(G) = 57, and that, for each &vertex A, G,(A) is 
isomorphic to one of the graphs of Figure 1, with 
e(G,(A)) + 4GW) = 11. (5) 
Also by (4), e(G,(A)) = 12, from which it can be shown [4] that G,(A) 
is isomorphic to the graph of Figure 2. 
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FIGURE 2 
Before examining in detail the possible forms of G,(A), we note the 
following properties of G: 
LEMMA 3. If (y. and /I are g-vertices joined by an edge, then G,(a) n G&l) 
is isomorphic to the graph of Figure 3. 
FIGURE 3 
For A is an arbitrarily chosen g-vertex, and all the vertices of Figure 2 
are in equivalent positions. Therefore G,(a) n G&3) is isomorphic to 
GO) n G,(@ = -lE, D, J, W. 
LEMMA 4. If m is an g-vertex and /3 E G,(m), then G,(a) n G,(p) is an 
independent 3-set. 
Each vertex of G,(a) has valency 3 within G,(a). Any pair of vertices 
of G(4 n G(P) j . omed by an edge would, with 01 and p, generate a 
complete 4-graph. 
LEMMA 5. If 01, fi, and y are g-vertices which form a triangle, then 
GA4 = G(P) ” MY). 
Each g-vertex of G,(e) is joined to exactly four vertices of G,(a), and, 
by Lemma 3, the vertices joined to both /I and y form an independent 
3-set. This contains 01, and therefore exactly two vertices of G,(a). There- 
fore each vertex of G,(a) is joined to at least one of /I and y. 
0 WALKER 
Case (a). Suppose that G,(A) is isomorphic to graph (a) of Figure 1. 
Then L must be an &vertex, since otherwise it would be not joined to at 
least six vertices of G,(A); G,(A) contains no triangle, and therefore 
among these six would be an independent 3-set (M(3, 3) = 6) which, 
with K, would form an independent 4-set. By Lemma 2, each triangle of 
G,(A) must have deficiency at least one, and so d(G,(A)) 2 3, which 
contradicts (5). Therefore G,(A) is not isomorphic to graph (a). 
Case (b). Suppose that G,(A) is isomorphic to graph (b) of Figure 1. 
Then d(G,(A)) = d(G,(A)) = 3, and so G,(A) contains at least five 
g-vertices. We note: 
(i) that Lemma 3 implies that each g-vertex of G,(A) is joined to at 
least one of L and P, and to at most one of M and N, and 
(ii) that if 01 is an 8-vertex of G,(A) which is joined to two other 
S-vertices of G,(A), /3 and y, then N is joined to both L and P, and to one 
of M and N. 
To establish (ii), we note that G,(A) n G,(a) f {L, Q, R, P>, for 
otherwise G,(A) n G,(p), being isomorphic to Figure 3, would have an 
edge in common with this graph, and 01 and p, with the end vertices of this 
edge, would generate a complete 4-graph. Also 
for otherwise G,(A) n G&3) = G,(A) n G,(y) = {L, N, P, R), and 
{/I, y, M, Q} would be an independent 4-set. (/3 and y cannot be joined, 
as G,(A) contains no triangle.) Similarly G,(A) A G,(a) cannot be 
{M, P, R, Q}, {N, L, Q, R}, or {N, P, R, Q}, and all other subgraphs of 
G,(A) which are isomorphic to Figure 3 contain both L and P, and one 
of M and N. 
Since G,(A) contains at least five &vertices, we may assume, without 
loss of generality since we can always find three in their relative positions, 
that B, C, and F are S-vertices. Because of (ii) and the symmetry of (b), 
we may also assume that G,(A) n G,(B) = {L, M, P, R}. 
From Lemma 5 we deduce that both C and Fare joined to both N and Q, 
and then, by (i), that neither is joined to M. Neither is joined to 
both P and R (otherwise there would be a complete 4-graph), and so 
each is joined to L. One of them is not joined to P ({C, F, M, R) is not 
independent), and, using (ii), this implies that H is not an 8-vertex, and 
that D and E are not both g-vertices. 
Vertex K is joined to M ({C, F, K, M) is not independent), and, since 
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neither {B, K, L, M} nor {B, K, M, P} is complete, K is joined to neither 
L nor P. Then, by (i), K is not an S-vertex. 
We have established that there are three vertices of G,(A) which are 
not S-vertices, and so we conclude that G,(A) has exactly five S-vertices, 
B, C, F, J, and one of D and E. If D were an S-vertex, by (ii), C would 
be joined to P, and D to both L and P. Then if D were joined to either N 
or Q, {C, D, N, P} or (C, D, L, Q> would be complete, and, if it were 
joined to neither, {B, D, N, Q} would be independent. Therefore the 
remaining S-vertex is E. By (ii), F is joined to P, and, by (i), E is joined 
to either M or N. {C, F, M, J} is not independent, and so J is joined to M, 
and, by (i), is not joined to N. 
We can now establish a contradiction, which proves that G,(A) cannot 
be isomorphic to (b). If E were joined to N, either {E, F, L, N} or 
{E, F, N, P} would be complete, but, if not, {B, D, J, N} would be inde- 
pendent. 
Before considering graphs (c) and (d), the elimination of graphs (a) 
and (b) allows us to prove the following: 
LEMMA 6. G has nine S-vertices and six 7-vertices; each S-vertex is 
joined to exactly four 7-vertices, and each 7-vertex to exactly six S-vertices. 
For any S-vertex, A, G,(A) is isomorphic to graph (c) or to graph(d). 
In each case d(G,(A)) = 4 and d(G,(A)) = 2, and we can show that the 
deficiency of G,(A) must be due to two distinct vertices. For, if G,(A) is 
isomorphic to (d), Lemma 2 shows that each triangle of G,(A) must have 
deficiency one; if G,(A) is isomorphic to (c), L cannot be a 6-vertex, or it 
would be not joined to at least six vertices of G,(A) which would contain 
an independent 3-set; Lemma 2 shows that the triangle {N, P, L} has 
deficiency two and that each of the triangles {M, N, L} and {L, P, Q} has 
deficiency one, and so the deficiency of G,(A) cannot be due to a single 
vertex. Then if G contains a 6-vertex it cannot be in G,(A) for any S-vertex 
A; i.e., it is joined to each S-vertex, of which there are more than six. 
d(G,(A)) = 4 for each S-vertex A, and so each S-vertex is joined to 
exactly four 7-vertices. There are 36 edges of G which join an S-vertex 
to a 7-vertex, and no 7-vertex can be joined to seven S-vertices, for, if /3 
were such a 7-vertex, Lemma 4 implies that G,(8) would contain 3 x 7 x 3 
edges. Therefore each 7-vertex is joined to exactly six S-vertices. 
Case (c). Suppose that G,(A) is isomorphic to graph (c) of Figure 1. 
We may take its 7-vertices to be either N and L or N and P. N is not 
joined to the three S-vertices A, Q, and R, and so, by Lemma 6, is joined 
to each of the four S-vertices of G,(A). If the other 7-vertex is L, it must 
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be joined to at least three of the 8-vertices of G,(A), and there are five 
vertices joined to both N and L, which, since M(2,4) = 4, is a contra- 
diction. Alternatively, if the other 8-vertex is P, there are six vertices 
joined to both Nand P. Therefore G,(A) cannot be isomorphic to graph (c). 
Case (d). Suppose that G,(A) is isomorphic to graph (d) of Figure 1. 
If its two 7-vertices were joined, Lemma 6 would lead to the same con- 
tradiction as in case (c); we therefore assume that they are not joined, and 
take them to be L and R. 
Using Lemma 4, simple calculations show that there are two vertices 
of G,(A) which are joined to neither L nor Q, two which are joined to 
neither M nor R, and one which is joined to neither N nor P. These five 
vertices are distinct, as each vertex of G,(A) is joined to at least three 
vertices of G,(A), and, by Lemma 3, these cannot be 8-vertices. Therefore 
d(G,(A)) >, 5, which is a contradiction, showing that G,(A) is not iso- 
morphic to graph (d). 
Having shown, at length, that our assumption e(G) > 56 leads to a 
contradiction, Theorem 1 is proved. For if e(G) < 49, then G’, the 
complement of G, is a (4,4) 15-graph, and e(G’) > 56. 
THEOREM 2. If G is a (4,4) 14-graph, then 
40 < e(G) < 51. 
Proof. The proof is similar to, but easier than, the proof of Theorem 1. 
We need only proof that e(G) < 51, and we assume the existence of a 
(4,4) 1Cgraph G with e(G) > 51. 
From (l), the vertices of G have valencies only 8, 7, 6, and 5. We can 
easily establish the existence of an 8-vertex A, and show that 
56 - 2e(G,(A)) - d(G,(A)) = 40 - 2e(G&l)) - d(G,(A)). (6) 
As in the proof of Theorem 1, 10 < e(G,(A)) < 12, and, since e(G) = 
56 - Hd(G(4) + (I(G(-O), 
4Gd4) + LI(Ghf)) < 9. 
G,(A) is a (4, 3) 5-graph; there are nine distinct such graphs, and Lemmas 
1 and 2 show that e(G.#)) + d(G,(A)) > 8, and e(G@)) + d(G,(A)) > 9 
unless G,(A) is isomorphic to the graph of Figure 4. 
We conclude that e(G) = 52, that G,(A) is isomorphic to the graph of 
Figure 4, that d(G,(A)) = 5, and that d(G,(A)) = 3. From (6), e(G,(A)) = 
12 and so G,(A) is isomorphic to the graph of Figure 2. 
Lemma 1 shows that each pair of vertices joined by an edge of G&4) 
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has deficiency at least one. Therefore G,(A) contains two 8-vertices and 
three 7-vertices, which implies that each vertex of G has valency seven or 
more, for a vertex with valency six or less must be joined to each 8-vertex, 
of which there must then be at least seven. The two 8-vertices of G,(A) 
cannot be joined, and, since each 8-vertex is joined to exactIy three others, 
hl I. 
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FIGURE 4 
they must each be joined to all of the three 8-vertices of G,(A). Then 
these three vertices must be an independent 3-set, and we may assume that 
they are B, E, and H (Figure 2). 
E has four edges to vertices of G,(A), and so G,(A) n G,(E) has exactly 
one vertex, which we assume to be L. As G,(E) is isomorphic to Figure 4, 
L is joined to neither C nor H. G,(H) is also isomorphic to Figure 4, and 
so L is also not joined to K. But then L is not joined to the seven vertices A, 
C, E, H, K, N, and P, and can have valency at most six. This is a contra- 
diction, and Theorem 2 is proved. 
THEOREM 3. 
M(5,4) < 28. 
Proof. Suppose that there exists a (4,4) 28-graph G. M(4,4) = 18 
and M(5, 3) = 14, and so, by (l), the vertices of G can have only valencies 
17, 16, 15 and 14. Let there be p 17-vertices, q 16-vertices, r 15-vertices, 
and s 14-vertices. 
A vertex cx is in exactly e(G,(a)) triangles of G. If we add, for each vertex, 
the number of triangles of which that vertex is a member, each triangle 
of G is counted three times. Therefore G contains Q CzEG e(Gl(a)) triangles. 
If ar is a l7-vertex, e(GI(ol)) = 68, as G,(a) is a (4,4) 17-graph in which 
each vertex must have valency 8. Similarly, if cy is a 16-vertex, e(G,(ol)) < 
64. (In fact e(G,(cL)) < 62, but the weaker result is sufficient.) By 
Theorem 1, if 01 is a 15-vertex, e(G,(oi)) < 56, and, by Theorem 2, if c1 is a 
14-vertex, e(G,(a)) < 51. Therefore the number of triangles in G is not 
more than +(68p + 64q + 56r + 51s). 
We can similarly find an upper bound for the number of independent 
3-sets of G by counting the triangles in its complement. M(2, 5) = 5, 
and so an m-vertex can be in at most Q x 4 x (27 - m) independent 
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3-sets. Therefore G contains at most 9(2Op + 22q + 24r + 26s) inde- 
pendent 3 sets. 
From (3), we have the inequality (32~ + 29q + 27r + 26s) < 
Q(68p + 64q + 56r + 51s) + 9(2Op + 22q + 24r + 26s) or 
Q+q+r+s<O. 
Since this obviously cannot be satisfied, we conclude that G cannot exist, 
and that M(5,4) < 28. 
4. FURTHER RESULTS 
Theorem 3 and (2) imply that M(5, 5) < 55. The gap between this and 
the largest known lower bound is so large that one can have no confidence 
that this is near the true value. 
The method used to prove Theorems 1 and 2 can be used to show that 
a (4,4) 16-graph can have at most 62 edges. Then the method described 
in [8] can be used to show that M(6,4) < 44, M(6, 5) < 94, and 
M(6, 6) < 178. 
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